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Abstract. Effective Hamiltonians governing the time evolution in a subspace of unstable
states can be found using more or less accurate approximations. A convenient tool for
deriving them is the evolution equation for a subspace of state space sometime called the
Krolikowski-Rzewuski (KR) equation. KR equation results from the Schro¨dinger equation
for the total system under considerations. We will discuss properties of approximate ef-
fective Hamiltonians derived using KR equation for n–particle, two particle and for one
particle subspaces. In a general case these affective Hamiltonians depend on time t. We
show that at times much longer than times at which the exponential decay take place the
real part of the exact effective Hamiltonian for the one particle subsystem (that is the in-
stantaneous energy) tends to the minimal energy of the total system when t → ∞ whereas
the imaginary part of this effective Hamiltonian tends to the zero as t → ∞.
1. Introduction
The standard approach to searching for the properties of subsystems of
unstable particles makes use of more or less accurate approximate meth-
ods to solve evolution equation for such subsystems. A typical example
of such methods are Weisskopf–Wigner (WW) approximation [1] or Lee–
Oehme–Yang (LOY) approximation [2, 3]. All intermediate steps of WW
or LOY approximations leading to the final formulae describing the time
evolution of unstable particles are rather far from mathematical precision.
What is more, attempts to confront the predicted properties of the consid-
ered systems, obtained within the use of such approximate methods, with
those following from the analytical properties of the exact solutions of the
quantum evolution equation are rather sporadic. These analytical properties
can be extracted from properties of the transition amplitudes
Aαβ(t) = 〈α|U(t)|β〉, (1)
where |α〉, |β〉 ∈ H, H is the Hilbert state space of the total system consid-
ered, and U(t) is the total unitary evolution equation solving the Schro¨dinger
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equation
i
∂
∂t
U(t)|ψ〉 = HU(t)|ψ〉, U(0) = I, (2)
(we use ~ = c = 1 units), I is the unit operator in H, |ψ〉 ≡ |ψ; t0 = 0〉 ∈ H
is the initial state of the system, (in our case |ψ; t〉 = U(t)|ψ〉), and H is the
total (selfadjoint) Hamiltonian, acting in H.
Amplitudes Aαβ(t) can be expressed in terms of the energy (mass) den-
sities ωαβ(E) as follows
Aαβ(t) =
∫
Spec(H)
ωαβ(E) e
−iEt dE, (3)
Assuming that the exact properties of real systems containing unstable parti-
cles are described by the exact solutions of Eq. (2), properties of amplitudes
Aαβ(t) following, eg., from symmetries of the system under considerations can
be used to examine properties of some parameters describing the unstable
particles and obtained by means of Aαβ(t) following from approximate meth-
ods of calculations. A typical example is a subsystem of neutral mesons and
properties of Aαβ(t) following from CP or CPT invariance ofH, [4]. Moreover
amplitudes Aαβ(t) are convenient for numerical simulations of time evolution
of the states considered: It is sufficient to assume the form of the densities
ωαβ(E) and then to use computer methods to find Aαβ(t) as a function of
time t.
In the case of neutral kaons (neutral mesons in general) all known proper-
ties including CP– and hypothetically possible CPT–violation effects in such
complexes are described by solving the Schro¨dinger–like evolution equation
[2] — [6],
i
∂
∂t
|ψ; t〉‖ = H‖|ψ; t〉‖ (4)
for |ψ; t〉‖ belonging to the subspace H‖ ⊂ H, e.g., spanned by orthonormal
neutral kaons states |K0〉 = |1〉, |K0〉 = |2〉 ∈ H, 〈j|k〉 = δjk, j, k = 1, 2,
(then states corresponding to the decay products belong to H⊖H‖
def
= H⊥),
and nonhermitian effective Hamiltonian H‖ obtained usually by means of the
LOY approach (within the WW approximation) [2, 3, 6],
H‖ ≡M −
i
2
Γ, (5)
where H‖,M =M
+,Γ = Γ+ are (2× 2) matrices, M is the mass matrix and
Γ is the decay matrix.
Within the WW approximation for a single particle subsystem the evo-
lution equation has a similar form to (4),
i
∂a(t)
∂t
= hWW a(t), (6)
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where |ψ; t〉|| ≡ a(t) |α〉 and dim H|| = 1 , a(0) = 1, and hWW =
E0α −
i
2 γ
0
α is the WW effective hamiltonian governing the time evolution
in one dimensional subspace of states (E0α is the energy of the system in the
state |α〉 and γ0α is the decay width). In this case the amplitude Aαβ(t), (3),
can be replaced by a(t)
def
= Aαα(t) and ωαβ(E) by ω(E)
def
= ωαα(E), and here
ω(E) ≥ 0 [7].
The analysis of the models of the decay processes shows that the LOY
and WW effective Hamiltonians appearing in (4) and (6) describe properties
of two particle or single particle complexes to a very high accuracy for a wide
time range t: From t suitably later than some T0 ≃ t0 = 0 but T0 > t0 up to
t≫ τ = 1/γ0α and smaller than the transition time t = tas, where tas denotes
the time t for which the nonexponential deviations of the survival probability
begin to dominate.
In [8] assuming that the spectrum of H must be bounded from below,
(Spec.(H) = [Emin,+∞) > −∞), and using the Paley–Wiener Theorem
[9] it was proved that in the case of unstable states there must be
|a(t)| ≥ B e−b t
q
, (7)
for |t| → ∞. HereB > 0, b > 0 and 0 < q < 1. This means that the decay law
P(t) = |a(t)|2 of unstable states decaying in the vacuum can not be described
by an exponential function of time t if time t is suitably long, t → ∞, and
that for these lengths of time P(t) tends to zero as t→∞ more slowly than
any exponential function of t [10]. From the model analysis it follows that
in the general case the decay law P(t) takes the inverse power–like form t−λ,
(where λ > 0), for suitably large t ≥ tas ≫ τ . Not long ago this effect was
confirmed experimentally: in the experiment described in [11], the evidence
of deviations from the exponential decay law at long times was reported. The
conclusion is that the LOY, WW and similar effective Hamiltonians can not
be used when one analysis a very long time properties of unstable systems.
The aim of this paper is to analyze more accurate approximations for the
effective Hamiltonians governing the time evolution in subspace of unstable
states than those given LOY or WW formulae and to analyze very long time
properties of the effective hamiltonian for an one particle subsystem.
2. Beyond the WW and LOY approximations
2.1. Approximate formulae for H‖ — a general case
The approximate formulae for H‖ ≡ H‖(t) have been derived in [12] —
[16] using the Krolikowski–Rzewuski equation for the projection of a state
vector [17], which results from the Schro¨dinger equation (2) for the total
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system under consideration, and, in the case of the initial conditions of the
type |ψ〉 ≡ |ψ〉‖, |ψ〉⊥ = |ψ〉 − |ψ〉‖ = 0, takes the following form
(i
∂
∂t
− PHP )U‖(t)|ψ〉|| = −i
∫ ∞
0
K(t− τ)U‖(τ)|ψ〉||dτ, (8)
where U‖(0) = P , K(t) = Θ(t)PHQ exp [−itQHQ]QHP, and Θ(t) =
{1 for t ≥ 0, 0 for t < 0} is the unit step function.
The integro–differential equation (8) can be replaced by the following
differential one (see [12] — [17])
(i
∂
∂t
− PHP − V||(t))U‖(t)|ψ〉|| = 0, (9)
where
PHP + V||(t)
def
= H||(t). (10)
Taking into account (8) and (9) or (4) one finds from (8)
V‖(t)U‖(t) = −i
∫ ∞
0
K(t− τ)U‖(τ)dτ
def
= −iK ∗ U‖(t). (11)
(Here the asterisk, ∗, denotes the convolution: f ∗g(t) =
∫∞
0 f(t−τ)g(τ) dτ ).
Next, using this relation and a retarded Green’s operator G(t) for the equa-
tion (8)
G(t) = −iΘ(t) exp(−itPHP )P, (12)
one obtains [15, 16]
U‖(t) =
[
1 ∗ +
∞∑
n=1
(−i)nL ∗ . . . ∗ L
]
∗ U
(0)
‖ (t), (13)
where L is convoluted n times, 1∗ ≡ 1∗(t) ≡ δ(t), L(t) = G ∗K(t), and
U
(0)
‖ = exp(−itPHP ) P (14)
is a ”free” solution of Eq. (8). Thus from (11)
V‖(t) U‖(t) = −iK ∗
[
1∗ +
∞∑
n=1
(−i)nL ∗ . . . ∗ L
]
∗ U
(0)
‖ (t), (15)
Of course, the series (13), (15) are convergent if ‖ L(t) ‖< 1. If for every
t ≥ 0
‖ L(t) ‖≪ 1, (16)
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then, to the lowest order of L(t), one finds from (15) [15, 16]
V‖(t) ∼= V
(1)
‖
(t)
def
= −i
∫ ∞
0
K(t− τ) exp [i(t− τ)PHP ]dτ. (17)
Note that from the definition of L(t) it follows that
L(t)→ 0 as t→ 0, (18)
which means that the condition (16) is always fulfilled for t → 0 and thus
V||(t) given by formula (17) describes very well properties of the subsystem
under considerations for t→ 0.
2.2. n–dimensional case
Now let us consider a general case of n–dimensional subspaceH||. Vectors
from such subspaces describe states of n–level (n–particle) subsystems. The
only problem is to calculate P exp[itPHP ] in (17) for the case of dim(H‖) =
n. Note that it is convenient to consider such H|| as the subspace spanned
by a set of orthonormal vectors {|ej〉}
n
j=1 ∈ H, 〈ej |ek〉 = δjk. Then the
projection operator P defining this subspace can be expressed as follows
P =
n∑
j=1
|ej〉〈ej |. (19)
The operator PHP is selfadjoint, so the (n×n) matrix representing PHP
in the subspace H‖ is Hermitian matrix. Solving the eigenvalue problem for
this matrix,
PHP |λj〉 = λj |λj〉, (j=1,2,...,n), (20)
one obtains the eigenvalues λj = λ
∗
j , and eigenvectors |λj〉, (j = 1, 2, . . . , n).
Here for simplicity we assume that λ1 6= λ2 6= . . . 6= λn 6= λ1 6= . . ., etc..
In other words it is assumed that all λj are nondegenerate and thus all |λj〉
must be orthogonal,
〈λj|λk〉 = 〈λj |λj〉 δjk, (j,k=1,2,...,n). (21)
By means of these eigenvectors one can define new projection operators,
Pj
def
=
1
〈λj |λj〉
|λj〉〈λj |, (j=1,2,...,n). (22)
The property (21) of the solution of the eigenvalue problem for PHP con-
sidered implies that
PjPk = Pjδjk, (j=1,2,...,n), (23)
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and that the completeness requirement for the subspace H‖
n∑
j=1
Pj = P, (24)
holds. Now, using the projectors Pj one can write
PHP =
n∑
j=1
λjPj , (25)
and
Pe+itPHP = P
n∑
j=1
e+itλjPj . (26)
This last relation is the solution for the problem of finding P exp[itPHP ]
in the considered case of nondegenerate λj and together with the formula
(17) for V‖(t) yields
V
(1)
‖ (t) = −
n∑
j=1
PHQ
e−it(QHQ− λj) − 1
QHQ− λj
QHP Pj , (27)
which leads to V||
def
= limt→∞ V
(1)
|| (t),
V‖ = −
n∑
j=1
Σ(λj)Pj , (28)
where
Σ(ǫ) = PHQ
1
QHQ− ǫ− i0
QHP. (29)
This solves the problem of finding the effective Hamiltonian
H|| ≡ PHP + V||, (30)
(where V|| = limt→∞ V||(t)) governing the time evolution in the n–state sub-
space H‖ of the total state space H.
The simplest case is when the operator PHP has n–fold degenerate eigen-
value λ0, that is when λ1 = λ2 = · · · = λn
def
= λ0. Then
V
(1)
‖ (t) = −PHQ
e−it(QHQ− λ0) − 1
QHQ− λ0
QHP, (31)
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which gives
V|| = −Σ(λ0). (32)
The most interesting cases seem to be the cases when the eigenvalues λj
of PHP are k–fold degenerate, where k < n. Then the form of V|| differs
from (28) and (32).
So, let λ1, λ2, . . . , λk be the nondegenerate eigenvalues for PHP and
λk+1 = λk+2 = · · · = λn
def
= λ. Then
PHP =
k∑
j=1
λjPj + λ(P −
k∑
j=1
Pj), (33)
(here Pj is given by the formula (22)) and
Pe+itPHP = P
k∑
j=1
e+itλjPj + P (P −
k∑
j=1
Pj)e
itλ. (34)
Using this last relation and the general formula (17) for V||(t) and then taking
t→∞ one finds
V‖ = −
k∑
j=1
Σ(λj)Pj − Σ(λ)(P −
k∑
j=1
Pj). (35)
2.3. 2–dimensional case
Let us pass on to n = 2 case, i.e. to the case of two–dimensional subspace
H||, which can be applied to neutral meson complexes. So, if |ej〉 = |j〉, (j =
1, 2), then the projector P is defined by
P ≡ |1〉〈1| + |2〉〈2|. (36)
In the LOY approach it is assumed that vectors |1〉, |2〉 considered above are
eigenstates of H(0) for a 2–fold degenerate eigenvalue m0:
H(0)|j〉 = m0|j〉, j = 1, 2, (37)
where H(0) is the so called free Hamiltonian, H(0) ≡ Hstrong = H −HW , and
HW denotes weak and other interactions which are responsible for transitions
between the eigenvectors of H(0), i.e., for the decay process.
If H has the following property
PHP ≡ m0 P, (38)
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that is for H12 = H21 = 0, the approximate formula (17) for V‖(t) leads to
the following form of PeitPHP ,
PeitPHP = Peitm0 , (39)
and thus to
V
(1)
‖ (t) = −PHQ
e−it(QHQ−m0) − 1
QHQ−m0
QHP, (40)
which leads to
V|| = lim
t→∞
V
(1)
|| (t) = −Σ(m0). (41)
This means that in the case (38)
H|| = m0 P − Σ(m0), (42)
and H|| = HLOY .
On the other hand, in the case
H12 = H
∗
21 6= 0, (43)
the form of PeitPHP is much more complicated.
In the general case (43) one finds the following expressions for the matrix
elements vjk(t→∞)
def
= vjk of V‖ [15, 16],
vj1 = −
1
2
(
1 +
Hz
κ
)
Σj1(H0 + κ)−
1
2
(
1−
Hz
κ
)
Σj1(H0 − κ)
−
H21
2κ
Σj2(H0 + κ) +
H21
2κ
Σj2(H0 − κ),
(44)
vj2 = −
1
2
(
1−
Hz
κ
)
Σj2(H0 + κ)−
1
2
(
1 +
Hz
κ
)
Σj2(H0 − κ)
−
H12
2κ
Σj1(H0 + κ) +
H12
2κ
Σj1(H0 − κ),
where j, k = 1, 2, Hz =
1
2(H11−H22), H0
def
= 12 (H11+H22) and κ = (|H12|
2+
H2z )
1/2. Hence, by (10), hjk = Hjk + vjk. It should be emphasized that all
components of the expressions (44) are of the same order with respect to
Σ(ε).
Formulae (44) for matrix elements vjk become much simpler if |H12| ≪
|H0|. Also the symmetries of the system lead to simpler form of vjk (see eg.
system of neutral mesons in which CPT–symmetry is assumed to hold [18]).
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2.4. 1–dimensional case
This is the simplest case. Here |e1〉 ≡ |α〉, and P1 = |α〉〈α|. This leads to
H||(t) = hWW (t)P1, P1HP1 = E1 P1, V||(t) = vWW (t)P1, (45)
where E1 = 〈α|H|α〉 and
vWW (t) = v
(1)
Ww(t) = −〈α|HQ
e−it(QHQ− E1) − 1
QHQ− E1
QH|α〉. (46)
Thus
vWW = lim
t→∞
v
(1)
Ww(t) = −Σ1(E1), (47)
which gives the WW effective Hamiltonian hww appearing in (6).
3. One–particle effective Hamiltonian at long time region
From (6) one can conclude that the exact one–dimensional effective Hamil-
tonian, h(t), fulfils the following identity (see [14, 19])
h(t) ≡ i
1
a(t)
∂a(t)
∂t
, (48)
where
a(t) ≡ 〈α|e−itH |α〉 ≡
∫
Spec.(H)
ω(E) e−iE t dE, (49)
is the survival amplitude.
In general, in the case of quasi–stationary states it is convenient to express
a(t) in the following form
a(t) = aexp(t) + anon(t), (50)
where aexp(t) is the exponential part of a(t), that is aexp = N exp [−it(E
0
α −
i
2 γ
0
α)], (E
0
WW is the energy of the system in the unstable state |α〉 measured
at the canonical decay times (when the exponential decay law is valid), N is
the normalization constant), and anon(t) is the non–exponential part of a(t).
For times t ∼ τ , |aexp(t)| ≫ |anon(t)|.
The transition time (or the crossover time) tas can be found by solving
the following equation,
|aexp(t)|
2 = |anon(t)|
2. (51)
Long time properties of the survival probability P(t) = |a(t)|2 and the instan-
taneous energy Eα(t) = ℜ [h(t)] of the system in the unstable state |α〉 are rel-
atively easy to find analytically for times t≫ tas even in the general case (see
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Fig. 1: Axes: y = P(t) = |a(t)|2 — the logarithmic scale, x = t/τ . P(t) is
the survival probability. The case E
0
α
γ0α
= 25.
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Fig. 2: Fluctuations of Eα(t) = ℜ [h(t)] at the transition time region. Axes:
y = Eα(t)/E
0
α, x = t/τ . E
0
α = ℜ [hWW ], γ
0
α = −2ℑ [hWW ]. The case
E0α
γ0α
= 25.
[20]). It is much more difficult to analyze these properties in the transition
time region where t ∼ tas. Typical forms of P (t) and Eα(t) are presented in
Figs (1) and (2) respectively. Results presented in these figures were obtained
numerically by means of the symbolic and numeric package ”Mathematica”:
Using integral representation (49) of a(t) the amplitude a(t) was found nu-
merically for a given ω(E), and then |a(t)|2 and ℜh(t) for h(t) defined by (48).
Calculations were performed for ω(E) = N2pi Θ(E )
γ0α
(E−E0α )
2+(
γ0α
2
)2
, Emin = 0.
Methods used in the asymptotic analysis allow one to find a form of a(t) ≡
Aαα(t), (3), (49), for large t for all densities ω(E) = ωαα(E), corresponding
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with the case (Spec.(H) = [Emin,+∞) ), for which the Fourier transform
(3), (49) exists. For example, these calculations show that the amplitude
anon(t) exhibits inverse power–law behavior at the late time region: t≫ tas.
The same can be done for the derivative of a(t) and then using (48) a general
asymptotic form of h(t) can be found. It looks as follows
h(t) t→∞ ≃ Emin + (−
i
t
) c1 + (−
i
t
)2 c2 + . . . , (52)
where ci = c
∗
i , i = 1, 2, . . . (compare [20]). This last result means that
ℜ [h(t)]→ Emin as t→∞, and ℑ [h(t)]→ 0 as t→∞. (53)
4. Final remarks
The question arises: Can the effects described in Sec. 3, i.e., those pre-
sented in Figs (1) and (2) and those following from the relation (52) be
observed? As it was mentioned earlier, the effect presented in Fig (1) was
confirmed experimentally [11]. This means that effects presented in Fig (2)
and following from (52) have to take place too.
In general, there is a chance to observe some of unstable particles, say φ,
which survived at t ∼ tas only if there is a source creating these particles in
N 0φ number such that
Nφ(tas) = P(t) t∼tas N
0
φ ≫ 1. (54)
From (51) it follows that P(tas) ≃ exp [− γ
0
φ tas]. This means that if there is
a source creating N 0φ ≫ exp[+ γ
0
φ tas] unstable particles at the initial instant
t = t0 = 0, then a sufficiently large number Nφ(tas) of unstable particles φ
has to survive up to time tas or latter, and then the effect presented in Fig (2)
should be observed. So in order to observe such effects one needs an unstable
system having short tas (as it was used in the experiment described in [11])
or one should find sources creating sufficiently large number N 0φ unstable
particles. Such sources are known from cosmology and astrophysics and the
these effects should manifest itself there.
Effective Hamiltonians obtained in Sec. 2 are much more general and
more accurate than LOY and WW approximations. Formulae for V
(1)
‖
(t) and
thus for H‖(t) = PHP + V
(1)
‖ (t) derived in Sec. 2 seem to be a useful tool
for a sufficiently accurate description of early time properties of complexes
of unstable particles evolving in time. They work well for arbitrary n <∞.
At times t of order the lifetime τ the time evolution of these complexes
is well described by V‖
def
= limt→∞ V
(1)
‖ (t) obtained in Subsections 2.2 — 2.4.
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Unfortunately these approximate formulae for H‖(t) are unable to describe
correctly very late time properties of complexes of unstable particles, when
t ∼ tas or t > tas. It can be done using the exact effective Hamiltonian of a
form analogous to the one–dimensional effective Hamiltonian h(t) given by
(48) and using methods described in Sec. 3. Such a Hamiltonian acting in
n–dimensional subspace has the following form
H‖(t) = i
∂A(t)
∂t
[A(t)]−1, (55)
where A(t) =
[
Aαβ(t)
]
is (n × n) matrix, α, β = 1, 2, . . . , n and Aαβ(t) are
given by (3). Asymptotically late time properties of matrix elements hαβ(t)
of this H‖(t) can be found using (3) and applying methods of asymptotic
analysis to matrix elements Aαβ(t) of A(t) and to
∂
∂t Aαβ(t).
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